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2-LOCAL DERIVATIONS ON MATRIX RINGS OVER
ASSOCIATIVE RINGS
SHAVKAT AYUPOV1 AND FARHODJON ARZIKULOV2
Abstract. In the present paper it is proved that every inner 2-local derivation
on the matrix ring Mn(ℜ) of n × n matrices over a commutative associative
ring ℜ is an inner derivation. Also, it is proved that, every derivation on an
associative ring ℜ has an extension to a derivation on the matrix ring Mn(ℜ)
of n× n matrices over ℜ.
1. Introduction
The present paper is devoted to 2-local derivations on associative rings. Recall
that a 2-local derivation is defined as follows: given a ring ℜ, a map ∆ : ℜ → ℜ
(not additive in general) is called a 2-local derivation if for every x, y ∈ ℜ, there
exists a derivation Dx,y : ℜ → ℜ such that ∆(x) = Dx,y(x) and ∆(y) = Dx,y(y).
In 1997, P. Sˇemrl [2] introduced the notion of 2-local derivations and described
2-local derivations on the algebra B(H) of all bounded linear operators on the
infinite-dimensional separable Hilbert space H. A similar description for the finite-
dimensional case appeared later in [6]. In the paper [7] 2-local derivations have
been described on matrix algebras over finite-dimensional division rings. In [5]
the authors suggested a new technique and have generalized the above mentioned
results of [2] and [6] for arbitrary Hilbert spaces. Namely they considered 2-
local derivations on the algebra B(H) of all linear bounded operators on an
arbitrary (no separability is assumed) Hilbert space H and proved that every
2-local derivation on B(H) is a derivation. In [3], [4] the authors extended the
above results and give a proof of the theorem for arbitrary von Neumann algebras.
In this article we develop an algebraic approach to the investigation of deriva-
tions and 2-local derivations on associative rings. Since we consider a sufficiently
general case of associative rings we restrict our attention only on inner derivations
and inner 2-local derivations. In particular, we consider the following problem:
if an inner 2-local derivation on an associative ring is a derivation then is the
latter derivation inner? The answer to this question is affirmative if the ring is
generated by two elements (Theorem 3.5).
In this article we consider 2-local derivations on the matrix ring Mn(ℜ) over an
associative ring ℜ. The first step of the investigation consists of proving that, in
the case of a commutative associative ring ℜ an arbitrary inner 2-local derivation
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on Mn(ℜ) is an inner derivation. This result extends the one obtained in [7] to
the infinite dimensional case but for a commutative ring ℜ.
The second step consists of showing that every derivation on an associative ring
ℜ has an extension to a derivation on the matrix ring Mn(ℜ) of n × n matrices
over ℜ.
2. 2-local derivations on matrix rings
Let ℜ be a ring. Recall that a map D : ℜ → ℜ is called a derivation, if
D(x + y) = D(x) + D(y) and D(xy) = D(x)y + xD(y) for any two elements x,
y ∈ ℜ. A derivation D on a ring ℜ is called an inner derivation, if there exists an
element a ∈ ℜ such that
D(x) = ax− xa, x ∈ ℜ.
A map ∆ : ℜ → ℜ is called a 2-local derivation, if for any two elements x, y ∈ ℜ
there exists a derivation Dx,y : ℜ → ℜ such that ∆(x) = Dx,y(x), ∆(y) = Dx,y(y).
A map ∆ : ℜ → ℜ is called an inner 2-local derivation, if for any two elements
x, y ∈ ℜ there exists an element a ∈ ℜ such that ∆(x) = ax−xa, ∆(y) = ay−ya.
Let ℜ be an associative ring with identity, Mn(ℜ) be the matrix ring over ℜ,
n > 1, of matrices of the form

a1,1 a1,2 · · · a1,n
a2,1 a2,2 · · · a2,n
...
...
. . .
...
an,1 an,2 · · · an,n

 , ai,j ∈ ℜ, i, j = 1, 2, . . . , n.
Let {ei,j}
n
i,j=1 be the set of matrix units inMn(ℜ), i.e. ei,j is a matrix with compo-
nents ai,j = 1 and ak,l = 0 if (i, j) 6= (k, l), where 1 is an identity element, 0 is the
zero element of ℜ and a matrix a ∈Mn(ℜ) is written as a =
∑n
k,l=1 a
k,lek,l, where
ak,l ∈ ℜ for k, l = 1, 2, . . . , n. Let M¯2(ℜ) be the subring of Mn(ℜ), generated by
the subsets ℜei,j, i, j = 1, 2 in Mn(ℜ). It is clear that
M¯2(ℜ) ∼= M2(ℜ).
The following theorem is the main result of the paper.
Theorem 2.1. Let ℜ be a commutative associative ring with identity, and let
Mn(ℜ) be the matrix ring of n × n matrices over ℜ, n > 1. Then any inner
2-local derivation on the matrix ring Mn(ℜ) is an inner derivation.
First let us prove lemmata and a theorem which will be used in the proof
of theorem 2.1. Throughout, ℜ denotes an associative ring with identity, Mn(ℜ)
denotes the matrix ring of n×n matrices over ℜ, n > 1. Let ∆ : Mn(ℜ)→Mn(ℜ)
be an inner 2-local derivation. Consider the subset {a(i, j)}ni,j=1 ⊂ Mn(ℜ) such
that
∆(ei,j) = a(i, j)ei,j − ei,ja(i, j),
∆(
n−1∑
k=1
ek,k+1) = a(i, j)(
n−1∑
k=1
ek,k+1)− (
n−1∑
k=1
ek,k+1)a(i, j).
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Put ai,j = ei,ia(j, i)ej,j, for all pairs of different indices i, j and let
∑
k 6=l ak,l be
the sum of all such elements.
Lemma 2.2. Let ∆ : Mn(ℜ)→ Mn(ℜ) be an inner 2-local derivation. Then the
following equalities hold for any pair i, k of different indices in {1, 2, . . . , n}
ek,ka(i, j)ei,j = ek,ka(i, k)ei,j
and for any pair j, k of different indices in {1, 2, . . . , n}
ei,ja(i, j)ek,k = ei,ja(k, j)ek,k.
Proof. Let d ∈Mn(ℜ) be such element that
∆(ei,j) = dei,j − ei,jd,∆(ei,k) = dei,k − ei,kd.
Then
a(i, j)ei,j − ei,ja(i, j) = dei,j − ei,jd,
a(i, k)ei,k − ei,ka(i, k) = dei,k − ei,kd,
and
ek,ka(i, j)ei,j = ek,kdei,j, ek,ka(i, k)ei,k = ek,kdei,k.
Hence
ek,ka(i, k)ei,kek,j = ek,kdei,kek,j = ek,kdei,j
and
ek,ka(i, k)ei,j = ek,kdei,j.
Similarly,
ei,ja(i, j)ek,k = ei,ja(k, j)ek,k.

Lemma 2.3. Let ∆ : Mn(ℜ)→ Mn(ℜ) be an inner 2-local derivation. Then for
any pair i, j of different indices in {1, 2, . . . , n} the following equality holds
∆(ei,j) = (
n∑
k,l=1,k 6=l
ak,l)ei,j − ei,j(
n∑
k,l=1,k 6=l
al,k) + a(i, j)
i,iei,j − ei,ja(i, j)
j,j, (1)
where a(i, j)i,i, a(i, j)j,j are the appropriate components of the matrices ei,ia(i, j)ei,i,
ej,ja(i, j)ej,j.
Proof. We have
∆(ei,j) = a(i, j)ei,j − ei,ja(i, j) =
n∑
k=1
ek,ka(i, j)ei,j −
n∑
k=1
ei,ja(i, j)ek,k =
n∑
k=1,k 6=i
ek,ka(i, j)ei,j −
n∑
k=1,k 6=j
ei,ja(i, j)ek,k + ei,ia(i, j)ei,j + ei,ja(i, j)ej,j =
n∑
k=1,k 6=i
ek,ka(i, k)ei,j −
n∑
k=1,k 6=j
ei,ja(k, j)ek,k + a(i, j)
i,iei,j − ei,ja(i, j)
j,j =
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n∑
k=1,k 6=i
ak,iei,j −
n∑
k=1,k 6=j
ei,jaj,k + a(i, j)
i,iei,j − ei,ja(i, j)
j,j =
(
n∑
k,l=1,k 6=l
ak,l)ei,j − ei,j(
n∑
k,l=1,k 6=l
al,k) + a(i, j)
i,iei,j − ei,ja(i, j)
j,j
by lemma 2.2. 
Let xo =
∑n−1
k=1 ek,k+1. Then there exists an element c ∈Mn(ℜ) such that
∆(xo) = cxo − xoc.
Let c =
∑n
i,j=1 ci,j be the Pierce decomposition of c, where ci,j = ei,icej,j, i, j =
1, 2, . . . , n.
Lemma 2.4. Let ∆ : Mn(ℜ)→Mn(ℜ) be an inner 2-local derivation. Let k, l be
arbitrary different numbers in {1, 2, . . . , n}, b ∈Mn(ℜ) be an element such that
∆(xo) = bxo − xob.
Then ck,k − cl,l = bk,k − bl,l, where ci,i = c
i,iei,i, bi,i = b
i,iei,i, c
i,i, bi,i ∈ ℜ,
i = 1, 2, . . . , n.
Proof. We may assume that k < l. We have
∆(xo) = cxo − xoc = bxo − xob.
Hence
ek,k(cxo − xoc)ek+1,k+1 = ek,k(bxo − xob)ek+1,k+1
and
ck,k − ck+1,k+1 = bk,k − bk+1,k+1.
Then for the sequence
(k, k + 1), (k + 1, k + 2) . . . (l − 1, l)
we have
ck,k − ck+1,k+1 = bk,k − bk+1,k+1, ck+1,k+1 − ck+2,k+2 = bk+1,k+1 − bk+2,k+2, . . .
cl−1,l−1 − cl,l = bl−1,l−1 − bl,l.
Hence
ck,k − bk,k = ck+1,k+1 − bk+1,k+1, ck+1,k+1 − bk+1,k+1 = ck+2,k+2 − bk+2,k+2, . . .
cl−1,l−1 − bl−1,l−1 = cl,l − bl,l.
Therefore ck,k−bk,k = cl,l−bl,l, i.e. ck,k−cl,l = bk,k−bl,l. The proof is complete. 
Let ai,i = ci,i for i =, 2, . . . , n and a¯ =
∑n
i,j=1 ai,j.
A proof of theorem 2.1. Let ∆ : Mn(ℜ)→ Mn(ℜ) be an inner 2-local derivation,
x be an arbitrary matrix in Mn(ℜ) and let d(i, j) ∈ Mn(ℜ) be an element such
that
∆(ei,j) = d(i, j)ei,j − ei,jd(i, j), ∆(x) = d(i, j)x− xd(i, j)
and i 6= j. Then by Lemma 2.3 we have
∆(ei,j) = d(i, j)ei,j − ei,jd(i, j) =
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ei,id(i, j)ei,j − ei,jd(i, j)ej,j + (1− ei,i)d(i, j)ei,j − ei,jd(i, j)(1− ej,j) =
a(i, j)i,iei,j − ei,ja(i, j)j,j + (
∑
k 6=l
ak,l)ei,j − ei,j(
∑
k 6=l
ak,l)
for all i, j in {1, 2, . . . , n}.
Since ei,id(i, j)ei,j − ei,jd(i, j)ej,j = a(i, j)i,iei,j − ei,ja(i, j)j,j we have
(1− ei,i)d(i, j)ei,i = (
∑
k 6=l
ak,l)ei,i,
ej,jd(i, j)(1− ej,j) = ej,j(
∑
k 6=l
ak,l)
for all different numbers i and j in {1, 2, . . . , n}.
Hence
ej,j∆(x)ei,i = ej,j(d(i, j)x− xd(i, j))ei,i =
ej,jd(i, j)(1−ej,j)xei,i+ej,jd(i, j)ej,jxei,i−ej,jx(1−ei,i)d(i, j)ei,i−ej,jxei,id(i, j)ei,i =
ej,j(
∑
k 6=l
ak,l)xei,i − ej,jx(
∑
k 6=l
ak,l)ei,i + ej,jd(i, j)ej,jxei,i − ej,jxei,id(i, j)ei,i.
We have
∆(
n−1∑
k=1
ek,k+1) = a(i, j)(
n−1∑
k=1
ek,k+1)− (
n−1∑
k=1
ek,k+1)a(i, j)
by the definition of a(i, j). Then by lemma 2.4 we have
a(i, j)j,j − a(i, j)i,i = cj,j − ci,i,
where
ck,k = c
k,kek,k, c
k,k ∈ ℜ, k = 1, 2, . . . , n,
a(i, j) =
n∑
kl=1
a(i, j)k,lek,l, a(i, j)
k,l ∈ ℜ, k, l = 1, 2, . . . , n.
Since
d(i, j)ei,j − ei,jd(i, j) = a(i, j)ei,j − ei,ja(i, j)
we have
ei,id(i, j)ei,j − ei,jd(i, j)ej,j = ei,ia(i, j)ei,j − ei,ja(i, j)ej,j
and
(d(i, j)i,i − d(i, j)j,j)ei,j = (a(i, j)
i,i − a(i, j)j,j)ei,j ,
where d(i, j) =
∑n
kl=1 d(i, j)
k,lek,l. Hence d(i, j)
i,i−d(i, j)j,j = a(i, j)i,i−a(i, j)j,j,
i.e. d(i, j)j,j − d(i, j)i,i = a(i, j)j,j − a(i, j)i,i. Therefore
ej,jd(i, j)ej,jxei,i − ej,jxei,id(i, j)ei,i = d(i, j)
j,jxj,iei,j − x
j,id(i, j)i,iej,i =
(d(i, j)j,j − d(i, j)i,i)xj,iej,i = (a(i, j)
j,j − a(i, j)i,i)xj,iej,i =
(cj,j − ci,i)xj,iej,i = c
j,jxj,iej,i − x
j,ici,iej,i = (c
j,jej,j)ej,jxei,i − ej,jxei,i(c
i,iei,i) =
aj,jej,jxei,i − ej,jxei,iai,i,
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where x =
∑n
kl=1 x
k,lek,l. Hence
ej,j∆(x)ei,i = ej,j(
∑
k 6=l
ak,l)xei,i − ej,jx(
∑
k 6=l
ak,l)ei,i + aj,jej,jxei,i − ej,jxei,iai,i =
ej,j(
∑
k 6=l
ak,l)xei,i − ej,jx(
∑
k 6=l
ak,l)ei,i + ej,j(
n∑
k=1
ak,k)xei,i − ej,jx(
n∑
k=1
ak,k)ei,i =
ej,j(
n∑
kl=1
ak,l)xei,i − ej,jx(
n∑
kl=1
ak,l)ei,i = ej,j(a¯x− xa¯)ei,i.
Let d(i, i), v, w ∈M be elements such that
△(ei,i) = d(i, i)ei,i − ei,id(i, i), △(x) = d(i, i)x− xd(i, i),
△(ei,i) = vei,i − ei,iv,△(ei,j) = vei,j − ei,jv,
and
△(ei,i) = wei,i − ei,iw,△(ej,i) = wej,i − ej,iw.
Then
(1− ei,i)a(i, j)ei,i = (1− ei,i)vei,i = (1− ei,i)d(i, i)ei,i,
and
ei,ia(j, i)(1 − ei,i) = ei,iw(1− ei,i) = ei,id(i, i)(1− ei,i).
By lemma 2.3 we have
∆(ei,j) = a(i, j)ei,j − ei,ja(i, j) =
(
∑
k 6=l
ak,l)ei,j − ei,j(
∑
k 6=l
ak,l) + a(i, j)i,iei,j − ei,ja(i, j)j,j
and
(1− ei,i)a(i, j)ei,i = (
∑
k 6=l
ak,l)ei,i.
Similarly
ei,ia(j, i)(1− ei,i) = ei,i(
∑
k 6=l
ak,l).
Hence
ei,i∆(x)ei,i = ei,i(d(i, i)x− xd(i, i))ei,i =
ei,id(i, i)(1−ei,i)xei,i+ei,id(i, i)ei,ixei,i−ei,ix(1−ei,i)d(i, i)ei,i−ei,ixei,id(i, i)ei,i =
ei,ia(j, i)(1−ei,i)xei,i+ei,id(i, i)ei,ixei,i−ei,ix(1−ei,i)a(i, j)ei,i−ei,ixei,id(i, i)ei,i =
ei,i(
∑
k 6=l
ak,l)xei,i − ei,ix(
∑
k 6=l
ak,l)ei,i + ei,id(i, i)ei,ixei,i − ei,ixei,id(i, i)ei,i =
ei,i(
∑
k 6=l
ak,l)xei,i − ei,ix(
∑
k 6=l
ak,l)ei,i + 0 =
ei,i(
∑
k 6=l
ak,l)xei,i − ei,ix(
∑
k 6=l
ak,l)ei,i + ci,iei,ixei,i − ei,ixci,iei,i =
ei,i(
∑
k 6=l
ak,l)xei,i − ei,ix(
∑
k 6=l
ak,l)ei,i+
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ei,i(
n∑
k=1
ak,k)xei,i − ei,ix(
n∑
k=1
ak,k)ei,i =
ei,i(
n∑
kl=1
ak,l)xei,i − ei,ix(
n∑
kl=1
ak,l)ei,i = ei,i(a¯x− xa¯)ei,i.
By the above conclusions we have
∆(x) =
n∑
kl=1
ek,k∆(x)el,l =
n∑
kl=1
ek,k(a¯x− xa¯)el,l = a¯x− xa¯
for all x ∈Mn(ℜ). The proof is complete. ⊲
3. On extensions of derivations and 2-local derivations
Lemma 3.1. Let M2(ℜ) be the matrix ring of 2× 2 matrices over an associative
ring ℜ with identity and let D be a derivation on the subring ℜe1,1 and δ be a
derivation on ℜ induced by D. Then the map
D¯
([
λ µ
ν η
])
=
[
δ(λ) µ
−ν δ(η)
]
, λ, µ, ν, η ∈ ℜ,
is a derivation.
Proof It is easy to check that for a, b ∈M2(ℜ) we have D¯(ab) = D¯(a)b+aD¯(b).
Indeed, the map D¯ is just equal to δ¯ + dU , where
δ¯
([
λ µ
ν η
])
=
[
δ(λ) 0
0 δ(η)
]
, λ, µ, ν, η ∈ ℜ,
and dU is the inner derivation induced by the matrix[
1
2
0
0 −1
2
]
.
⊲
Let M¯m(ℜ) be a subring of Mn(ℜ), m < n, generated by the subsets
ℜei,j , i, j = 1, 2, . . . , m
in Mn(ℜ). It is clear that
M¯m(ℜ) ∼= Mm(ℜ).
Lemma 3.2. Let ℜ be an associative ring, and let Mn(ℜ) be a matrix ring of
n× n matrices over ℜ, n > 2. Then every derivation on M¯2(ℜ) can be extended
to a derivation on Mn(ℜ).
Proof. By lemma 3.1 every derivation on M¯2(ℜ) can be extended to a derivation
onM4(ℜ). In its turn, every derivation on M¯4(ℜ) can be extended to a derivation
on M8(ℜ) and so on. Thus every derivation ∂ on M¯2(ℜ) can be extended to a
derivation D on M2k(ℜ). Suppose that n ≤ 2
k. Let e =
∑n
i=1 ei,i and
D¯(a) = eD(a)e, a ∈ M¯n(ℜ).
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Then D¯ : M¯n(ℜ) → M¯n(ℜ) and D¯ is a derivation on M¯n(ℜ). Indeed, it is clear
that D¯ is a linear map. At the same time, for all a, b ∈ M¯n(ℜ) we have
D¯(ab) = eD(ab)e = e(D(a)b+ aD(b))e =
eD(a)be + eaD(b)e = eD(a)eb+ aeD(b)e = D¯(a)b+ aD¯(b).
Hence, D¯ is a derivation. At the same time, the derivation D¯ coincides with the
derivation ∂ on M¯2(ℜ). Therefore, D¯ is an extension of ∂ to M¯n(ℜ). Hence every
derivation ∂ on M¯2(ℜ) can be extended to a derivation on Mn(ℜ). 
Thus, in the case of the ring M2(ℜ) for any derivation on the subring ℜe1,1 we
can take its extension onto the whole M2(ℜ) defined as in lemma 3.1, which is
also a derivation.
Theorem 3.3. Let ℜ be an associative ring, and let Mn(ℜ) be a matrix ring of
n× n matrices over ℜ, n > 2. Then every derivation on ℜ can be extended to a
derivation on Mn(ℜ).
Proof. Let δ be an arbitrary derivation on ℜ and D be the derivation on the
subring ℜe1,1 such that δ is induced by D. By lemma 3.1 every derivation on ℜe1,1
has an extension to a derivation on the matrix ring M¯2(ℜ) and every derivation
on M¯2(ℜ) has an extension to a derivation on the matrix ring Mn(ℜ) by lemma
3.2. Thus the statement of the theorem is valid. 
Remark 3.4. If ℜ is an arbitrary associative ring with identity and n = 1 then
theorem 2.1 is not valid. Indeed, in [1] there is an example of an inner 2-local
derivation on the associative ring U2(C) of 2× 2 triangle matrices[
a1,1 a1,2
0 a2,2
]
, a1,1, a1,2, a2,2 ∈ C
over C (the complex numbers), which is not additive.
Also by [8, Theorem 3.5] the lattice P (M) of projections in a von Neumann
algebra M is not atomic if and only if the algebra S(M) of all measurable op-
erators affiliated with M admits a 2-local derivation which is not a derivation.
Hence, if ℜ is the algebra S(M) and P (M) is not atomic then by [8, Theorem
4.3] no any 2-local derivation on ℜe1,1 has an extension to a 2-local derivation on
Mn(ℜ), n > 1.
We conclude the paper by the following more general observation.
Theorem 3.5. Let ∆ : ℜ → ℜ be an inner 2-local derivation on an associative
ring ℜ. Suppose that ℜ is generated by its two elements. Then, if ∆ is additive
then it is an inner derivation.
Proof. Let x, y be generators of ℜ, i.e. ℜ = Alg({x, y}), where Alg({x, y}) is an
associative ring, generated by the elements x, y in ℜ. We have that there exists
d ∈ ℜ such that
∆(x) = [d, x],∆(y) = [d, y],
where [d, a] = da− ad for any a ∈ ℜ.
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Hence by the additivity of ∆ we have
∆(x+ y) = ∆(x) + ∆(y) = [d, x+ y].
Note that
∆(xy) = ∆(x)y + x∆(y) = [d, x]y + x[d, y] = [d, xy],
∆(x2) = ∆(x)x+ x∆(x) = [d, x]x+ x[d, x] = [d, x2],
∆(y2) = ∆(y)y + y∆(y) = [d, y]y + y[d, y] = [d, y2],
Similarly
∆(xk) = [d, xk],∆(ym) = [d, ym],∆(xkym) = [d, xkym]
and
∆(xkymxl) = ∆(xkym)xl + xkym∆(xl) = [d, xkym]xl + xkym[d, xl] = [d, xkymxl].
Finally, for every polynomial p(x1, x2, . . . , xm) ∈ ℜ, where x1, x2, . . . , xm ∈ {x, y}
we have
∆(p(x1, x2, . . . , xm)) = [d, p(x1, x2, . . . , xm)],
i.e. ∆ is an inner derivation on ℜ. 
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